T 1985 American Statistical Association and
the Amaricen Soclaty for Quality Control

TECHMOMETRICS, AUGUST 1885, VOL. 37, NO. 3

Discussion: Probability Theory and Fuzzy
Logic Are Complementary Rather

Than Competitive

Lotfi A. ZADEH

Computer Science Division
Department of EECS
University of California
Berkeley, CA 94720-1776

The relationship between probability theory and fuzzy logic has long been an object of discussion
and some controversy. The position articulated in this article is that probability theory by itself is
not sufficient for dealing with uncertainty and imprecision in real-world settings. To enhance its
effectiveness, probability theory needs an infusion of concepts and technigues drawn from fuzzy
logic—especially the concept of a linguistic variable and the calculus of fuozzy if—then rules. In the
final analysis, probability theory and fuzzy logic are complementary rather than competitive,

Traditionally, probability theory has been viewed as the
methodology of choice for dealing with uncertainty and
imprecision. It is this view that has been called into ques-
tion by the advent of fuzzy set theory or, as it is commonly
referred to today, fuzzy logic.

The central point at issue is the sufficiency of probability
theory. The core of the position put forth in this article is
that probability theory by itself is not sufficient and that
it must be used in concert with fuzzy logic to enhance its
effectiveness. In this perspective, probability theory and
fuzzy logic are complementary rather than competitive.

‘What are the connections between fuzzy logic and prob-
ability theory? Is fuzzy logic subsumed by probability
theory or vice versa? Is there anything that can be done
with fuzzy logic that cannot be done equally well or better
by probability theory? Is fuzzy logic a disguised form of
probability theory? What are the shortcomings of prob-
ability theory as a methodology for dealing with uncer-
tainty? What can be done with fuzzy logic that cannot be
done with probability theory? These are some of the ques-
tions that have been discussed at length in the literature
(Buoneristiani 1980; Dubois and Prade 1993; Freeling
1981; Klir 1989; Kosko 1990; Nguyen 1977; Nurmi 1977;
Rapoport, Walsten, and Cox 1985; Stallings 1977, Sugeno
1977, Viertl 1987; Yager 1984; Zadeh 1968, 1980, 1981,
1983, 1984, 1988) since the appearance of the first article
on fuzzy sets (Zadeh 1965).

The earliest article to consider a connection between
fuzzy sets and probabilities was authored by Loginov
(1966). In his article, Loginov suggested that the mem-
bership function of a fuzzy set may be interpreted as a
conditional probability. Similar suggestions were made
later by Hisdal (1986}, Cheeseman (1986), and many oth-
ers. In this article, I shall return to Loginov’s suggestion
at a later point.
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In many of the works dealing with the questions just
cited, one finds assertions that reflect a lack of famil-
iarity with fuzzy logic or a misunderstanding of what
it has to offer. This does not apply to the article by
Laviolette, Seaman, Barrett, and Woodall in this issue of
Technometrics. The authors of the article under discus-
sion offer seasoned arguments and carefully worked out
examples. Nevertheless there are many significant issues
that are not addressed in their article. These izsnes affect
the validity of their analysis and lead to conclusions that
are quite different from those arrived at by the authors.

In what follows, I will argue briefly that (a) probability
theory and fuzzy logic are distinct, (b) that probability the-
ory is not sufficient by itself for dealing with uncertainty
and imprecision, and (¢) that probability theory and fuzzy
logic are complementary rather than competitive,

CONNECTIONS BETWEEN PROBABILITY
THEORY AND FUZZY LOGIC

Among the connections and points of tangency between
probahbility theory and fuzzy logic, the principal one is
centered on Loginov’s suggestion and the closely related
viewpoints involving voting and consensus models, ran-
dom sets, and the plausibility measure of the Dempster—
Shafer theory. These connections do not imply that fuzzy
logic is subsumed by probability theory or vice versa. In
tact, probability theory and fuzzy logic have distinct agen-
das and different domains of applicability.

Let us start with Loginov’s suggestion, which 1s closely
related to the approach used in the article under discussion.

Consider a fuzzy set A in a universe of discourse U—
for example, the fuzzy set young in the interval I/ =
[0, 100]. A is characterized by its membership function
pa: U = [0, 1], with pa(u) representing the grade of

1.
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membership of # in A. For example, in the case of young,
we may have [lyoume (25) = 8. Itis understood that p 4 is
context-dependent.

Let X be a random variable that can take the values
Aand A" (not A), with A and A" interpreted as symbols.
In essence, Loginov's suggestion is to interpret peq (i} as
the conditional probability, PriA |u), that X = A fora
given u. More concretely, assume that we have a col-
lection of voters ¥V = {V¥7, ..., ¥}, with each V; voting
on whether a given u should be classified as A or not A.
Then, Pr{A | u) may be interpreted as the probability that
a voter picked at random would classify u as A. In this
SENSE, fLyoung(23) = .B means that the probability that a
voter picked at random would classify 25 as young is .8,
Equivalently, .8 may be equated to the proportion of vot-
ers in V who classify 25 as young. It is this voting—aor
consensus—mode] that may be viewed as an interpretation
of Loginov's suggestion.

Loginov's suggestion (or interpretation) has serious
drawhacks. In the first place, itis unnatural to force a voter
to choose either A or not A when A is a fuzzy concept in
which the transition from membership to nonmembership
is gradual rather than abrupt. More importantly, the con-
sensus model does not make sense when subjective judg-
ment is involved. For example, if the designer of a system
states the rule “If pressure is high, then volume is low,”
how could the meaning of high and low be determined
by consensus? How could the underlying probabilities
“he determined subjectively or estimated by observation
of human operators”(p. 000), as suggested in the article
under discussion? How would one give a probabilistic
answer to the question “In your perspective, what is the
degree o which Mary is tall?" or “What is the degree to
which Mary resembles Cindy?* What must be considered
is that for humans it is generally much easier to estimate
grades of membership or degrees of possibility rather than
probabilities. This is one of the reasons why Loginov’s
interpretation—though known for along time—has found
little use in applications of fuzzy logic.

An interpretation of the membership function that is
closely related to Loginov's involves the concept of a ran-
dom set—that is, a set-valued random vaniable. More
specifically, in the context of the voting model, assume
that a voter V; classifies # as A if u falls in an interval 4;.
For example, 25 is classified as young if 25 < [0, 30].

In this way, the collection of voters {V, ..., Vw} in-
duces a collection of intervals {Ay, ..., Ay}. It follows
that to say (a) that V; classifies u as A is equivalent to
saying that u = A; and (b) that picking a voter at random
from {V;, ..., Vi is equivalent to picking an interval at
random from {4, ..., Ax].

Because the A; may not be distinct, the uniform prob-
ability distribution on {Vy, ..., V] induces, in general,
a nonuniform probability distribution (py, ..., pg) on
the subset of distinct intervals, say {[A]...., A%} of
{Ay,..., Ay} Then, the set-valued random variable
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{(AT. g1} ..., (A%, px )} may be viewed as a random set.
In terms of this random set, p 4{u) may be interpreted as
the probability of coverage of u by [A], ..., Ak ). More
specifically, if

a; =1 iquA;-
=0 ifug A%,

then pal) =aypr +-- -+ ag pr.

In a more general approach, which was developed in
detail by Orlov (1980), Goodman and Nguyen (1985),
Wang and Sanchez (1982}, and others, the random set is
generated by the o cuts (or level sets) of A, More specif-
ically, an o cut, Ay, of A is a nonfuzzy set defined by
Ay ={u|pale) = a),0 <o = 1. The o cuts are taken
to be the constituents of a random set, with ¢ assumed to
be uniformly distributed over the interval [0, 1].

In this way, a fuzzy set A may be derived from a ran-
dom set. In actuality, however, the same result can be
achieved without bringing randomness into the picture.
Mare specifically, it is well known that a fuzzy set can
be generated from its & cuts both disjunctively and addi-
tively. To show this, let tt4_ (1) denote the membership
function of A,—which, because A, is nonfuzzy, coin-
cides with the characteristic function of A,. Then, the
membership function of A may be expressed in terms of
the membership functions of the A, (a) disjunctively as
fialu) = sup, (e A g, (1)), 0 < & < 1, where A denotes
min, and (b} additively as

|
palu) = f Ha, (u) doe.
0

The additive representation is illustrated in Figures 1 and 2.
The random set representation of a fuzzy set is of sub-
stantial theoretical interest. It has not played a significant
role in the applications of fuzzy logic largely because of
the difficulty of dealing with random sets.
In another direction, the random set representation un-
derlies the connection between the concept of possibility

o—cuts of A

=Y

1
A‘_—'ﬁgﬂym

A = arithmetic average of its a-culs
A = expectation of a uniformly distributed random set

Figure 1. Additive Decomposition of a Fuzzy Set. The e cuts
are discretized.,
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Figure 2. Additive Decomposition of a Fuzzy Set. Theo cuts
form a confinuum.,

measure in fuzzy logic and the concept of plausibility
measure in the Dempster—Shafer theory (Shafer 1976).
Specifically, the two concepts coincide when the focal
sets in the Dempster—Shafer theory are consonant—that
is, nested. In this case, the focal sets may be regarded as
the e cuts of a fuzzy set, and the Dempster—Shafer struc-
ture may be viewed as a random set whose constituents
are the focal sets. As in the case of the random set rep-
resentation of a fuzzy set, however, randomness in the
Dempster—Shafer theory may be replaced by an additive
representation (Zadeh 1986).

In summary, it is possible, in a restricted way, to rep-
resent a fuzzy set as a random set or as a disjunctive or
additive combination of nonfuzzy sets. This is illustrated
in Figure 3. The important point to note is that the con-
nection between fuzzy sets and random sets in no way
implies that fuzziness and randomness are identical con-
cepts or that fuzzy logic and probability theory have the
same foundation and similar agendas.
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Figure 3. Optical Generation of a Fuzzy Set by a Random Set
and Additive Decomposition.

2. LIMITATIONS OF PROBABILITY THEORY

In the article under discussion, it is suggested that
{a) probability theory can do anything that can be done
with fuzzy logic and (b) that there would be many more
applications of probability theory in areas in which fuzzy
logic has been used with success if probabilists and statis-
ticians were more adept at “selling” their tools.

In reality, the applications of fuzzy logic are growing
rapidly in number and variety largely because fuzzy logic
fills a definite need for ways of dealing with problems
in which the sources of imprecision and uncertainty do
not lend themselves to analysis by conventional methods.
In essence, what fuzzy logic offers—and what is clearly
a useful offering—is a methodology for computing with
words rather than numbers.

In this perspective, let us examine—as was done by
Zadeh (1986)—the reasons why classical probability the-
ory falls short of providing a comprehensive methodology
for dealing with uncertainty and imprecision.

1. Probability theory does not support the concept of
a fuzzy event. Simple examples of propositions involving
fuzzy events are as follows: tomorrow will be a warm day;
there will be a strong earthquake in the near future; the
prices will stabilize in the long run,

The incapability of dealing with fuzzy events places a
roadblock to applying probability theory to inference from
furzy premises that represent real-world knowledge. In
this connection, it is important to note that in the case of
propagation of probabilities in belief networks a problem
that arises is that the events associated with nodes are fuzzy
rather than crisp. For example a node labeled arthritis
may be linked to nodes labeled swollen joints and painful
Jjoints. It is a common practice to associate conditional
numerical probabilities with such links. But the question
is: What is the meaning of such probabilities? A related
question is: How can the independence of fuzzy events
be defined? These questions are not raised—much less
answered—in the theory of Bayesian belief networks.

2. Probability theory offers no techniques for dealing
with fuzzy quantifiers like many, most, several, few.

3. Probability theory does not provide a system for
computing with fuzzy probabilities expressed as likely,
unlikely, not very likely, and so forth. Such probabilities
are not second-order probabilities.

4. Probability theory does not provide methods for
estimating fuzzy probabilities. Subjective probability the-
ory serves the purposes of elicitation rather than estima-
tion. It provides no answers to questions exemplified by
“What is the probability that my car may be stolen?” In
this connection, it should be noted that, in most instances,
subjective probabilities are rooted in fuzzy perceptions of
frequency-based probabilities.

5. Probability theory is not sufficiently expressive as
a meaning-representation language. For example, what is
the meaning of “It is not likely that there will be a sharp
increase in the price of oil in the near future™?
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6. The limited expressive power of probability theory
makes it difficult to analyze problems in which the data
are described in fuzzy terms. Consider, for example, the
following questions:

a. An urn contains approximately 20 balls of various
sizes of which several are large, a few are small, and
the rest are of medium size. What is the probability
that a ball drawn at random is neither large nor small?

b. A variable X can take the values small, mediun, and
large with respective probabilities low, high, and
low. What is the expected value of X7 What is the
probability that X is not large?

Turning to the applications in control, in the article un-
der discussion the authors consider a very simple example
in which the rules are of the form if X is Athen ¥ is B, In
most practical applications, however, the rules are of the
more general form if X; is A;; and . .. and X, is A;n, then
¥is Bi,i = 1,2,...,m. In this setting, the problem of
interpolation is that of computing B in ¥ is B when X is
Ay onn Xy isdy.

How would the authors solve this problem? How would
they treat problems in which conjunction and disjunction
are specified ¢ norms and s norms rather than min and max?

In general, probability theory is not an appropriate
tool to use in the solution of deterministic control prob-
lems. A case in point is the parallel-parking problem,
How would the authors solve this problem? A more diffi-
cult dynamic motion-planning problem is the fuzzy ball-
and-beam problem (Zadeh 1994a), which is illustrated in
Figure 4. In this case, the problem is to transfer the ball
from an initial position at the center to a point in a spec-
ified interval [a;, az] on the beam at a time f, which is
specified to be in an interval [11, fz]. The beam is covered
with a strip of fuzzy felt to complicate the formulation of
equations of motion and thereby preclude the possibility
of simulation.

Going bevond control, one of the principal tools in the
tool chest of fuzzy logic is a language for manipulat-
ing a wide variety of both categorical (i.e., unqualified)

farce

Spatial set-inferval: 4 =Xs a, 0 @ B

Temporal set-interval: 1, = t=t,

Figure 4. The Fuzzy Ball-and-Beam Problem. The ball rolls/
slides on a fuzzy strip, which is attached to a beam.
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and qualified rules. The latter rules may be probability-
qualified, as in if X is A then it is likely that ¥ is B;
possibility-qualified, as in if X is A then it is possible that
¥ is B; truth-qualified, as in (if X is A then ¥ is B) is quite
true; usuality-qualified as in usually (if X is A then ¥ is
BY; or with exceptions, as in if X is A then ¥ is B unless
ZisC,

The question is: How can the authors process rules of
this form using standard probability theory? For example,
how can they infer an answer to the following question:

usually (X is not very small)
usually (X is not very large)

X is?

These and many other questions that could be posed
are intended to make the point that classical probability
theory has definite limitations—limitations that stem for
the most part from an avoidance of issues and problems
in which fuzziness lies at the center rather than on the
periphery. What has to be recognized is that in real-world
settings such issues and problems are the rule rather than
the exception.

3. COMPLEMENTARITY OF PROBABILITY
THEORY AND FUZZY LOGIC

In the article under discussion, the authors take the po-
sition that fuzzy logic does not have much o add to what
can be done through the use of standard probability-based
techniques. The thrust of our arguments is that this is not
the case.

Clearly, classical probahility theory has been and con-
tinues to be employed with remarkable success in those
fields in which the systems are mechanistic, and human
reasoning, perceptions, and emotions do not play a signif-
icant role. Such is the case in statistical mechanics, the-
ories of turbulence, quantum mechanics, communication
systems, evolutionary programming, and related fields.

What should be recognized, however, is that classical
probability theory is much less effective in those fields in
which the dependencies between variables are not well de-
fined, the knowledge of probabilities is imprecise and/or
incomplete, the systems are not mechanistic, and human
reasoning, perceptions, and emotion do play an important
role. This is the case, in varving degrees, in economics,
pattern recognition, group decision analysis, speech and
handwriting recognition, expert systems, weather and
earthquake forecasting, and analysis of evidence.

To enhance its effectiveness in dealing with systems of
this kind, probability theory needs an infusion of fuzzy
logic. Such an infusion serves to fuzzify—and hence
generalize—some of the most basic concepts of probabil-
ity theory. Among such concepts are those of probability,
event, random sample, causality, independence, stationar-
ity, similarity, and convergence. This is the sense in which
the complementarity of probability theory and fuzzy logic
should be understood.
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In areverse direction, the concepts of measure, cardinal-
ity, and probability have played and are certain to play an
increasingly important role in fuzzy logic. This is partic-
ularly true of the concepts of usuality and dispositionality,
especially in the context of common-sense reasoning and
expert systems,

Today, the most visible applications of fuzzy logic are
related to control, especially in the realms of consumer
products and industrial systems. In such applications,
what fuzzy logic offers is an effective methodology for
exploiting the tolerance for imprecision, uncertainty, and
partial truth to achieve tractability, robustness, and low
solution cost. The key concept in this methodology is
that of a linguistic variable—that is, a variable whose val-
ves are words rather than numbers (Zadeh 1973). The
concept of a linguistic variable is the point of depar-
ture for the development of the calculus of fuzzy if—then
rules,

In coming years, the concept of a linguistic variable
and the calculus of fuzzy if-then rules are hikely to play
key roles in the symbiosis of probability theory and fuzzy
logic. The development of a symbiotic relationship be-
tween probability theory and fuzzy logic should be an
important objective for all of us.

4. CONCLUDING REMARKS

I should like to compliment the authors of the article
under discussion for arguing with conviction and cogency
their case for the sufficiency of standard probability theory
and statistical methods.

What has to be recognized, however, is that in science
as in other domains of human activity there is a tendency
to be nationalistic—to embrace a particular methodology
and take a skeptical view of the other methodologies that
are asking for a place at the table.

In many cases there is more to be gained from coop-
eration than from arguments over which methodology is
best. A case in point is the concept of saft compuring
(Zadeh 1994b). Soft computing is not a methodology—
it is a partnership of methodologies that function effec-
tively in an environment of imprecision and/or uncertainty
and are aimed at exploiting the tolerance for imprecision,
uncertainty, and partial truth to achieve tractability, ro-
bustness, and low solution costs. At this juncture, the
principal constituents of soft computing are fuzzy logic,
neurocomputing, and probabilistic reasoning, with the lat-
ter subsuming genetic algorithms, evidential reasoning,
and parts of learning and chaos theories,

Although the article under discussion argues in favor of
sufficiency of probability theory, it is in fact a significant
contribution to the development of a better understanding
of how probability theory and fuzzy logic can act in con-
cert. In this sense, it is consistent with the aims of soft
computing.

A final note—a minor matter of semantics: Inthe article
under discussion, the authors employ interchangeably the

terms fuzzy and vague. In fact, fuzzy and vague are dis-
tinct concepts, as was pointed out by Zadeh (1979). More
specifically, a proposition is fuzzy if it contains terms that
are labels of fuzzy sets. For example, “I will be back
in a few minutes” is a fuzrzy proposition by virtue of the
fuzziness of few.

A proposition is vague if it is insufficiently specific for
a specified purpose. For example, “T will be back some-
time™ is vague if it is insufficiently specific. Anexample of
a common vague proposition is “Use with adequate ven-
tilation.” Wagueness is a property of propositions rather
than predicates and, in most cases, is purpose dependent.
MNote that a proposition may be vague without being fuzzy.
Usually a vague proposition is fuzzy, but the converse is
not generally true.
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In this discussion we review the main remarks of Laviolette, Seaman, Barrett, and Woodall. First.
we examine how the subjectivist view of probability faces the task of modeling human reasoning

according to a cognitive viewpoint

We then investigate the nature of the fuzzy and probabilistic

controllers analyzed by the authors, refuting the hypothesis of similanty. We show that, due to the
different theoretical basis, the representativeness of the fuzzy controller overcomes the probabilistic

controller in resembling the expert’s knowledge.

We also review the authors'comparison between

the fuzzy and probabilistic approaches to monitor multinomial processes, emphasizing biases and

mizconceptions in the authors™ analysis.
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1. INTRODUCTION

Once again, researchers of fuzzy set theory (FST) are
invited to discuss the differences between probabilistic and
fuzzy models, continuing the endless debate of probabil-
ity versus fuzziness. In fact, Laviolette, Seaman, Barrett,
and Woodall (from now on LSBW) have created an-
other excellent opportunity to emphasize the distinctions
between these theories regarding their foundations and
applications.
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LSBW’s article posits that probabilistic models can
perform as well as fuzzy models in industrial appli-
cations. The authors conclude that probabilistic mod-
els deal with the same entities purportedly employing a
stronger justification with closer resemblance to human
thought. The authors also present two examples of fuzzy
applications and build alternative statistical approaches.
They suggest the superiority of the latter based upon the
aforementioned reasons and on a simpler computational
implementation,




